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1. (a) Consider the following length-7 scquences defined for —3 <n<d
.’E[’I’L]={3, "'21 0» 11 41 5) 2}1 y[n]={0! 7, lv ‘3a 4, 9v "2}9 w[n]={-5, 4' 3’
6, -5, 0, 1}. Generate the following sequences:
i. uln] = z[n] + y[n] (2 marks)

ii. v[n] = x[n] - wn) (2 marks)
iii. r[n] = 3.2 z[n] (2 marks)
(b) Determine the even and the odd parts of the sequences z[n], y[n] and
w[n] in 1.(a). (4 marks)
(c) Analyze the block diagram of the system in Figure 1 and develop a
relation between z[n] and y[n). (3 marks)
x[n] - X[n-1] o x[n-2]
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Figure 1:

(d) Show that a causal real sequence z([n] can be fully recovered from its
even part Tey[n] for all n > 0, whereas it can be recovered from its
odd part z,q4[n] for all n > 0. (4 marks)

(e) Determine the boundedness of the sequences z[n] = Aa"p[n] and
y[n] = 5cos® (won?), where A and o are complex numbers, and |o| <

1 (3 marks)
2. (a) Let z.y[n] and z,q4[n] denote, respectively,the even and odd parts of
a square-summable z[n]. Prove the following result:

oo o0

2 Phl= Y alhl+ Y 2y

n=—oo n=—oo n=—oQ

(4 marks)
(b) Compute the energy of the length-N sequence

fijl=a5 2mkn
z[n] = cos { —
(4 marks)
(c) The sequence of Fibonacci numbers f[n] is a causal sequence defined

by
fln)=fln-1]+fln-2], n>2

with f[0] = 0 and f[1] = 1.
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i. Develop an exact formula to calculate f[n] directly for any n.
(4 marks)

ii. Show that f[n] is the impulse response of a causal linear time-
invariant system described by the difference equation

y[n] =yln —1] +y[n - 2] + z[n - 1

(4 marks)

(d) Determine the expression for the impulse response of the factor-of-3
linear interpolator given as

yln) = zln] + 3 (zln — 1] ~ o +2) + 3 (ol — 2) —fn+ 1)
(4 marks)
3. (a) Determine the DTFT of the causal sequence
Aa™ cos(won + @) p[n]

(5 marks)

(b) Determine the expression for the impulse response of the linear time-
invariant system in Figure 2. (4 marks)
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Figure 2:

x[n]

(c) Let X(e?™) denotes the DTFT of a real sequence z[n]. Determine
the inverse DTFT of the following in terms of z[n]:
i Xre(e?¥) (2 marks)
ii. jXim(e?) (2 marks)
(d) Determine the DTFT of each of the following sequences:
i. z1[n] = a™p[n —1], la] < 1 (2 marks)
ii. T3[n] = a™uln], la] <1 (2 marks)

s 1: _N S n S N;
ili. z3[n] = { 0. otherwise. (2 marks)
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Figure 3:

4. (a) Let G1(e’) denotes the discrete-time Fourier transform (DTFT) of
the sequence g;[n] as shown in Figure 3. Evaluate G1(e’*). (5
marks)

(b) The discrete Fourier transform (DFT) pair is

N-1

Xkl = Zm[n]-e

n=0

—j2nnk

and

1 Nl 2mnk
aln] = 5 > X[ N e
k=0

Determine the discrete Fourier series coefficient of the following pe-
riodic sequences:
i. z1[n] = cos(mn/4) (4.5 marks)
ii. z[n] =sin(7n/3) + cos(mn/4) (4.5 marks)
(c) Let z[n], 0 < n < N—1, be a length-N real sequence with an N-point
DFT X[k],0<k<N-1.
i. Show that X[N — k] = X*[k]. (2 marks)
ii. Show that X[0] is real. (2 marks)
iii. If N is even, show that X[N/2] is real. (2 marks)

5. (a) Let g[n] and h[n] be two finite-length sequences given as
{gln)} ={-3,2,4},  {A[r]} ={2,-4,0,1}

i. Determine y[n] = S oo _ . h[n — K]g[k] (3 marks)
ii. Extend g[n] to a length-4 sequence ge[n] by zero-padding and
compute ve[n] = S ow _ . hln — klge[k] (2 marks)

(b) Consider up-sampling the sequence z[n] by an integer factor L > 1
to give a new sequence y[n], which implies that L — 1 equidistance
zero-valued samples are inserted between each consecutive samples
of z[n],

_ [ z[n/L}, n=0,L,2L,...;
yln] = { 0, otherwise.



If the z-transform of z[n] is denoted as X (z), express Y (z) in terms
of X(z). (4 marks)
(c) Let X(2) denotes the z-transform of z[n] = (0.4)"p[n]. Determine
the inverse z-transform of X (2%). (5 marks)
(d) A finite impulse response (FIR) linear time-invariant discrete-time is
described by the difference

y[n] = a1z‘[n+k]+a2x[n+k—1]+a3m[n+k~2]+az:c[n+k—3]+alﬂ7[n+k‘4]

where y[n] and z[n] denotes, respectively, the output and the in-
put sequence. Determine the expression for its frequency response
H(e’). For what values of the constant & will the system have a
frequency response H(e*) that is real function of w. (6 marks)

6. (a) Determine a closed-form expression for the frequency response H(e™)
of the LTI discrete-time system characterized by an impulse response

h[n] = é[n] — ad[n — n,]

where |@] < 1. What are the maximum and the minimum of its

magnitude response. (7 marks)
(b) Determine a closed-form expression for the frequency response H(e®)
of the LTI discrete-time system characterized by an impulse response

h[n] = gln] * g[n] * gln]

where g[n] = é[n] — adn —n,] (5 marks)
(c) Determine the inverse discrete-time Fourier transform (DTFT) of the
DTFT given as

H(e’) =1+ 2cosw + 3 cos 2w

(8 marks)




Property Sequence z ~Transform

gln] G(2) Re'

hln] H(z) R
Conjugation &% [n] G*(z™) Ry
Time-reversal gl—n) G(1/2) 1/Ry
Linearity agln] 4 Bhln) oG(z) + BH(2) Includes Ry NRy
Time-shilling gln — n,l) ™" G(2) R, exceptpossibly

the point z =« 0 or 00
Multiplication by
an exponcntial a™gln] G(z/a) loelTeg
sequence
Differcntiation dG(zr) R4, except possibl
of G(z) ngn] 2 the point e
Convolution 2[rl®A[n) G(2IH(2) Includes Rg NRy,
Modulation glnlkn) é?' fc G)H(z/v)v1dv Inctudes Rp Ry
Y . L2a’)
Parseval’s rclation 3 glnth®[n} = ﬁﬂfc G@YH*(1/v*)a~ dv
Mw=—O0Q

Note: If Rg denotes the region Ry~ < |z] < R+ and R, denotes the region Ry- < |z} <
Ry+. then 1/R, denotes the region 1/Rys < (2] < 1/R,~ and RgR), donotes the region
Re-Rp- < 2| < Re+Rps.
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Table 3.2: General propenies of the discrete-time Fourier transform of sequences.
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Sequence Discrete-Time Fourler Transform

Type of Property
gln| G(eJ?)
hin) H(el®)
Lincarity agln] + Bhin) «Gei®)y + BH(elon
Time-shitting 2in — nol e iono G edw)y

eiwen gln] G (,,i(w—wn))

Frequency-shifting
dG(el®)
J —_—

l?iffcrcmlnlkm ngln|
in frequency dw
Convolution glnl@®hfn] G(e/¥)H (eI®)
Modulation glniking = [T G(el?)H w60y g

—_—
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- n N 4
Parseval’s relation L glnlh*[n) = _’L / G(e/“YH*(e!“Ydw
n=—2 6 T J-x
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